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SUMMARY

————)Many different authors have claimed that the loglinear model approach to the analysis of

contingency table data is appropriate only for nominal variables and does not make use of

information on the ordinal nature of some categorical variables (i.e. the ordering of the categories).

-ﬁr‘&s paper, we revxew: a variety of loglinear model methods which do take into account, either

explicitly or unphculy, such information on ordering. ‘OGr focus is on methods involving maximum

hkehhood estimation, but other methods of aumanon can be used with these models. We also

oenmderﬁmeﬂy Some additional models for ordered categorical data. /i€ (uwvs // & ’C/ Ay

KEY WORDS: Categorical data; Loglinear models; Maximum likelihood estimates; Multidimensional

contingency tables; Ordered categories; Ordinal variables.
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1. INTRODUCTION

Following important theoretical work by Birch, Bishop, Goodman and others in the 1960’s, there
has been a resurgence of interest in the analysis of categorical data, especially in the form of
multidimensional cross—classifications or contingency tables. Much of this recent literature has
focussed on the use of loglinear models for tables of expected values, and detailed descriptions of
maximum likelihood estimation methods for loglinear model analysis can now be found in numerous
books (e.g. see BISHOP, FIENBERG, and HOLLAND (1975) and FIENBERG (1980)). It has been
implied or even explicitly suggested by many authors that the use of these loglinear models is
inappropriate when one or more of the variables involved is ordinal, i.e. has categories which have
an ordered structure. The purpose of this paper is to demonstrate that these criticisms of loglinear

model approaches to the analysis of categorical data are false.

For example, McCCULLAGH (1980) has claimed that a general property of all loglinear models that
do not use scores (see section 2 for a description of such models) is that they are permutation
invariant, i.e. that the categories of variables can be permuted in an arbitrary way without affecting
the fit or values of the parameters. In fact, the ordinal nature of some categorical variables is
often crucial to the structural organization of categorical data subjected to loglinear analysis, as in
triangular arrays (e.g., see BISHOP and FIENBERG (1969) or BISHOP, FIENBERG, and HOLLAND
(1975), Chapter §), and social mobility tables (e.g., see social mobility tables GOODMAN (1972,
1979a) or BISHOP, FIENBERG, and HOLLAND (1975), Chapters 5 and 9), and age-period—cohort
structures (FIENBERG and MASON (1978)). The fit of loglinear models to these and other

structures is not permutation invariant.

For our discussion here we distinguish between response and explanatory variables (see FIENBERG
(1980). Chapter 1), and describe in Sections 2 and 3 some simple and direct loglinear model
approaches which explicitly take into account the ordinal structure of explanatory and response
variables, respectively., Then we turn, in Section 4, to a special class of nonlinear extensions to

loglinear models where the ordering of categories lends a simple interpretation of interaction terms.
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Finally, in Section 5, we mention several other approaches to the analysis of ordinal data that are

related in some ways to loglinear model methods.

In addition to the formal use of ordering in the loglinear models mentioned above, and described
in later sections, we should not lose sight of the fact that information on ordering of categories can

be used in informal ways as well (e.g. see FIENBERG (1980), Chapter 3, p.46).
2. SCORES FOR ORDINAL EXPLANATORY VARIABLES

SIMON (1974), HABERMAN (1974), and FIENBERG (1980) describe a loglinear model approach in
the case where one or more variables are ordinal, and the categories of these variables have
preassigned scores. We consider one such model here in case of a 2 X J X K table, with variable 1
being a binary response variable and variables 2 and 3 being explanatory variables with ordered
categories, the scores for which are {v;”} and {v:‘”}, respectively. We begin with the loglinear

mode]

log m.=u+u (2.1)

+ + + +u +u +u .
O uz(j) usu:) ul2(ij) 13(ik) 23(jk) 123(ijk)

Next we assume that the two-factor effects relating the explanatory variables to the response variable

reflect the ordering given by the following restrictions:

= (v?) = T2
ulZ(ij) (vj v )ul(i) 2.2
and

3 _ T,
U sin (vk v )um). 2.3

The usual hierarchical restriction on "ordered effects” then implies that, for the 2nd-order interaction

terms,

= (v1D) o TOWyP — FiIy,2n
ulzs(ijk) (vj v )(vk v )uun * 2.4)

{2) (3) 23 :
The terms ur Yir Y and uy, may all be different.

- If we substitute for expressions (2.2), (2.3), and (2.4) in (2.1), and reexpress the model in terms of

logits, we get
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v = 1k @ 3 Q2)y(3)
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where b, = Y, b =2, b= 2¥, and b = 2u

e hT@ _ RT3 _ S(2)3(3) .
' 3 200 23 1) bzv bsv bzsv v"". Expression

1(1)
(2.5) is a logistic regression model with an interaction term involving the two sets of scores. The
key to this model is the use of the scores {v;”} and {v;”} to induce metrics for the two

explanatory variables.
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The likelihood equations for model (2.5) follow the standard structure for loglinear models, and are
found by setting sufficient statistics equal to their expected values. These equations can be solved

using one of a number of standard numerical techniques.

The method suggested here for 2 X J X K tables can be extended to more explanatory variables,
and can be used when some predictor variables are nominal and others are categorical. It can even
be used in cases where the response variables are ordinal and have pre-specified scores associated

with them.

When pre-specified scores are not available, it may make sense 1o attempt to estimate the scores
for one or more variables so as to optimize some criterion function. NISHISATO (1980) gives a
detailed description of one such approach known as dual scaling. This approach is known in France
under the name /‘analyse des correspondances (correspondence analysis) and has been developed by
Benzecri and his associates (BENZE,CRI. 1973). Nothing in the description of this section requires
that the pre-assigned scores have an ordering that goes with the ordering of the categories of the
corresponding variable, although in practice this will almost always be the case. NISHISATO (1980,

Chapter 8) describes a dual-scaling approach to ensure order restrictions on the scores. which

involves a version of the "pool-adjacent-violators” algorithm used in many other applications

(BARLOW, BARTHOLOMEW, BREMMER, and BRUNK, 1972).
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3. CONTINUATION RATIOS FOR AN ORDINAL RESPONSE VARIABLE

Suppose we have a single I-category ordinal response variable and a pair of explanatory variables
(with J and K categories respectively). The general loglinear model given by expression (2.1), can be
rewritten as a set of I-1 simultaneous logit models, e.g. for log (mm/mm) for i = 1,2,...1-1, bui this
model does not reflect the ordinal nature of the response variable. A natural alternative to (2.1) and

the resulting simultaneous logit models is to focus on continuation ratios of the form

m /E m.i= 120 (3.1)

or
mm/mehjk i=23..L 3.2)
Logit-like models for these continuation ratios can then be modelled separately because the likelihood

function is a product of I-1 components, one for each continuation ratio.

A set of I-1 logit models for the continuation ratios may treat the explanatory variables
differently in each of the I-1 equations, and thus the "effects of the ordered structure™ are allowed
to come through. FIENBERG (1980) gives an example of this approach with three explanatory
variables, and illustrates that modelling a data-set with continuation-ratios going in one direction, as
in expression (3.1), will not necessarily yield the same results as modelling those going in the other

direction, as in expression (3.2).

The continuation-ratio approach suggested in this Section can be combined with methods for
treating explanatory variables as ordinal, such as those described in Section 2. For example,
FIENBERG and MASON (1978) use the continuation-ratio approach to analyze educational attainment

in the U.S. by developing logit models with simultaneous effects for age, period. and cohort.

Although the "combined model,” merging together the I-1 logit models for the continuation ratios,
is not itself loglinear, it can be fit by standard maximum likelihood methods for loglinear or logit
models applied separately to each of the logit models. As McCULLAGH (1980) notes, this approach
is especially well-suited to problems where the response variables are discrete, and where it is unwise

1o try to treat them as course groupings of some finer scale.
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4. SOME NONLINEAR EXTENSIONS OF LOGLINEAR MODELS

Again let us consider a 2 X J X K table where variable 1 represents a binary response, and
variables 2 and 3 are explanatory. If we begin with the logit model of expression (2.1), and assume
that only the 2nd-order interaction term depends on the pre-assigned scores, as in (2.4), then we

have the linear logit model

1jk (2)4(3)
= + + + vi3) .
log { — v wzu') Yo bzsvj X 4.1)

m__

25k
If vgz’ is proportional to j and v‘k” is proportional to k, expression (4.1) is a logit generalization of
what GOODMAN (1979b) refers to as the uniform association model. Next suppose we do not have
pre-assigned scores, and thus wish to estimate {vjz’} and {vf’}. To ensure the identifiability of

these new parameters in the model, we need two constraints such as
IV =W =0 4.2)
i k&

in addition to the usual ANOVA constraints. This model is a linear logit model generalization of a

model suggested for use in two-way tables by FIENBERG (1968), and studied in detail by

GOODMAN (1979b). When b, = 0, (4.1) reduces to the usual no 2nd-order interaction model.

When the {v;”} are proportional to {wzm} and the {v:‘”} are proportional to {w, }, then we can

P dispose of the added constraint (4.2), and we get a nonlinear logit version of Tukey's 1 degree of
freedom model for nonadditivity:
N mljk - + A (
o log -1;1— =W “ao T Wi T WV 4.3)
25k

CHUANG (1980) gives details on the maximum likelihood estimation of parameters for both (4.1)
and (4.3).

Note that both models (4.1) and (4.3) are invariant under changes of row and column orderings.
But, as AGRESTI (1982) notes, there is a simple interpretation of the model when the {v;”} and

{v‘k”} in model (4.1) are monotonic. Suppose that vi*' < v < .. v‘f'. Then, if v*' > v, the log-

. odds for being in category 1 of the response variable are always greater for those observations for

o e e
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which variable 3 takes the value k, then those for which variable 3 takes the value k/. Agresti
suggests that, when we expect such stochastic orderings as a result of the ordinal structure of
variables, we should add the appropriate inequality constraints to the model, although he does not
explain how to get maximum likelihood estimates in those cases. Once the ordering is required we
lose most of the invariance in the model, and are left with only palindromic invariance

(McCULLAGH, 1978), associated with completely reversing the categories of the ordered variables.

As in the case of the models of Sections 2 and 3, we can readily generalize the models to more
than two explanatory variables, and to mixtures of nominal and ordinal explanatory variables.
Moreovér, we can use such models, when the response variable is polytomous but ordinal, for
continuation ratios of the sort described in Section 3. Finally, we can use the same type of model
structure for multiple, polytomous ordinal response variables, expressing the parameters of interest as

functions of the effects of explanatory variables.
S. OTHER METHODS

In this review, we have focussed on models that either are loglinear in nature, or involve natural
extensions to loglinear models. Many alternative approaches are available. McCULLAGH (1980). for
example, develops models for ordinal response variables which replaces the log odds of either version

of the continuation ratio (expressions (3.1) or (3.2)) by the "accumulated” logit

log [Zhsimhjk / mehjk] . (5.1)
Then he models these accumulated logits using linear models. This approach typically yields a
stochastic ordering of response variables, and the same model is then applicable when categories of
the response variable are collapsed. Unfortunately, the accumulated logits cannot be analyzed
independently, and thus McCullagh’s approach is likely to lead to computation problems when the
table being analyzed is large. As McCullagh notes, (5.1) can easily be generalized through the use of

a "link" function other than the logit.

Yet another way to approach information on orderings is to incorporate it into the modelling in
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the form of order restrictions. BARLOW, BARTHOLOMEW, BREMNER, AND BRUNK (1972)
describe several results related to binomial and multinomial problems. Most of this and subsequent
literature focusses on maximum likelihood estimation when there is a stochastic order restriction on
the probabilities themselves. EDDY, FIENBERG, and MEYER (1982) have developed a new
approach wherein the order restrictions implied by the ordinal categorical variables are placed on
marginal totals of the cross—classification. There appears to be an interesting link between this

approach and ideas associated with loglinear models.

The preparation of this paper was supported in part by the Office of Naval Research under
Contract N00014-80-C-0637.
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